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Abstract 20	
 21	
Mass-diameter (m-D) and projected area-diameter (A-D) relations are often used to 22	
describe the shape of nonspherical ice particles. This study analytically investigates how 23	
retrieved effective radius (reff) and ice water content (IWC) from radar and lidar 24	
measurements depend on the assumption of m-D [m(D) = a Db] and A-D [A(D) =  D] 25	
relationships. We assume that unattenuated reflectivity factor (Z) and visible extinction 26	
coefficient (kext) by cloud particles are available from the radar and lidar measurements, 27	
respectively. A sensitivity test shows that reff increases with increasing a, decreasing b, 28	
decreasing γ, and increasing δ. It also shows that a 10% variation of a, b, γ, and δ induces 29	
more than a 100% change of reff. In addition, we consider both gamma and lognormal 30	
particle size distributions (PSDs), and examine the sensitivity of reff to the assumption of 31	
PSD. It is shown that reff increases by up to 10% with increasing dispersion (μ) of the 32	
gamma PSD by 2, when large ice particles are predominant. Moreover, reff decreases by 33	
up to 20% with increasing the width parameter (ω) of the lognormal PSD by 0.1. We also 34	
derive an analytic conversion equation between two effective radii when different particle 35	
shapes and PSD assumptions are used. When applying the conversion equation to nine 36	
types of m-D and A-D relationships, reff easily changes up to 30%. The proposed reff-37	
convertion method can be used to eliminate the inconsistency of assumptions that made 38	
in a cloud retrieval algorithm and a forward radiative transfer model.   39	
 40	
Keywords: Ice particle shape, mass-Diameter (m-D), Area-Diameter (A-D), effective 41	
radius, ice water content (IWC), radar, lidar, reflectivity, visible extinction coefficient, 42	
particle size distribution (PSD) 43	
Key points: 44	
1. Ice particle shape determines m-D and A-D relations, which is used for radar-lidar 45	
retrievals. 46	
2. Effective radius is a function of coefficients in m-D and A-D relations. 47	
3. The convertion method of an effective radius is derived when different m-D and A-D 48	
are used. 49	
 50	
51	
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1. Introduction 52	
Nonspherical particles have a smaller mass and a projected area than spherical 53	
particles for a given maximum diameter (or maximum dimension), D. Numerous field 54	
campaigns using improved instruments and techniques have measured individual ice 55	
particle shapes [e.g., Field et al., 2006, Lawson et al., 2006; McFarquhar et al., 2007; 56	
Lawson, 2011; Um et al., 2015], and provided relationships between mass and D (m-D), 57	
and projected area and D (A-D). Ice particle shapes of liquid-topped clouds in 58	
temperature between –20C and –3C are relatively well-known [Myagkov et al., 2016]. 59	
However, for colder temperatures, mass and area of ice particles significantly vary with 60	
region, temperature, and cloud type, implying that large uncertainties exist in describing 61	
the m-D and A-D relationships. 62	
Space-borne radar and lidar sensors such as Cloud-Aerosol Lidar with Orthogonal 63	
Polarization (CALIOP) aboard Cloud-Aerosol Lidar and Infrared Pathfinder Satellite 64	
Observations (CALIPSO) [Winker et al., 2003, 2009] and Cloud Profiling Radar (CPR) 65	
aboard CloudSat [Stephens et al., 2002, 2008] provide an opportunity of cloud retrievals 66	
from combined radar and lidar sensors at a global scale, as shown in Okamoto et al. 67	
[2003], Tinel et al. [2005], Delanoë and Hogan [2008, 2010], Stein et al. [2011], and 68	
Deng et al. [2010, 2013]. Since the radar and lidar have different sensitivities to cloud 69	
optical properties, combining these two active instruments, in principle, brings more 70	
detailed and accurate vertical structures of cloud layers than a single active sensor or a 71	
passive sensor. However, the radar and lidar retrieval algorithms require an assumption of 72	
m-D and A-D relationships, because the radar reflectivity factor is proportional to the 73	
mass-squared, and the lidar extinction coefficient is proportional to the projected area of 74	
ice particles. Since the m-D and A-D relationships depend on particle shape, retrieved 75	
cloud properties differ depending on the assumption of particle shape used for the radar 76	
and lidar retrievals.  77	
Several studies have pointed out the importance of the knowledge of particle shape in 78	
radar and/or lidar cloud retrievals. Donovan and Van Lammeren [2001] suggested a 79	
factor of 3 of differences in retrieved effective radius (reff) due to a particle shape 80	
assumption. Hogan et al. [2006a] applied two different particle shapes from Francis et al. 81	
[1998] and Mitchell et al. [1996], and found 30% of differences in retrieved reff and ice 82	
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water content (IWC). Fontaine et al. [2014] examined impacts of m-D and A-D 83	
relationships in determining a reflectivity-IWC (Z-IWC) relationship. Stein et al. [2011] 84	
examined a sensitivity of radar-lidar and passive retrieval algorithms to particle shape. 85	
Mace and Benson [2017] found 30–200% of differences in retrieving precipitation rate 86	
from a Doppler radar depending on ice bulk density, which is predominantly a function 87	
of ice particle shape. Other studies also point out importance of particle shape in radar 88	
reflectivity forward model. For example, Sato and Okamoto [2006] examined how the 89	
radar reflectivity changes with particle shape, and they found 5dB of radar reflectivity 90	
differences for reff < 100 m, and 13 dB for 100 m < reff  < 600 m. Hammonds et al. 91	
[2014] also suggested 4 dB of uncertainties in radar reflectivity simulation depending on 92	
mass-dimensional relationship. 93	
When one computes irradiance profiles at a global scale, one might need to use cloud 94	
properties such as reff and optical depth derived from different cloud algorithms because 95	
no single retrieval algorithm can provide the properties everywhere all the time. Because 96	
the ice reff particularly depends on the assumption of ice particle shape, one needs to use 97	
reff with a consistent particle shape assumption in the forward radiative transfer model 98	
and cloud retrieval. Another option is to develop a relationship to convert the ice reff 99	
derived with a specific particle shape into reff with a different particle shape assumption 100	
for the consistency.  101	
In this study, we analytically derive the relationship between two reff retrieved from 102	
different particle shape assumptions. This differs from earlier studies [e.g., Hogan et al., 103	
2006a; Fontaine et al., 2014; Stein et al., 2011] that examined impacts of particle shape 104	
on reff numerically. We start with an assumption that lidar extinction and radar reflectivity 105	
factor are known (or fixed) from lidar and radar observations, respectively. Then reff and 106	
IWC are expressed by coefficients of m-D and A-D relationships. This approach is 107	
similar to the one by Donovan and Van Lammeren [2001]. They examined how particle 108	
shape assumptions change the relationship between reff and reff´, where reff´ is defined as 109	
the ratio of radar reflectivity to lidar-derived extinction coefficient, hereafter referred as 110	
radar-lidar-ratio. In this study, we directly relate reff to the measured radar-lidar-ratio, 111	
instead of using reff´ for various particle shapes. We also use the first derivative of the 112	
analytical expression to quantify the sensitivity of reff to particle shape. 113	
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In addition, we examine how well radar and lidar observations can constrain the 114	
effective radius, which is a function of particle size distribution (PSD). Generally, the 115	
number of unknowns in the PSD is greater than the number of equations that can be set 116	
up from observations. Assumptions of one or two parameters of a PSD are often made to 117	
reduce the number of unknowns but they introduce an error. We examine the sensitivity 118	
of retrieved effective radius to frequently-assumed parameters in the PSD. 119	
Section 2 compares pre-existing m-D and A-D relationships, and Section 3 derives 120	
integrated optical properties such as effective radius (reff) and IWC with a gamma PSD. 121	
Then uncertainties in retrievals of reff and IWC are further examined with the derivative 122	
of equations of reff with respect to parameters of m-D and A-D relations. Section 4 uses a 123	
lognormal PSD, and compares the results with those from the gamma PSD. Section 5 124	
demonstrates simple applications of this study, a conversion of reff when different m-D 125	
and A-D relationships and/or PSD are used between two radar-lidar algorithms.  126	
 127	
2. Methodology 128	
2.1. Mass-Diameter (m-D) and Area-Diameter (A-D) relationships 129	
Often power laws are used to describe the mass or area distribution of nonspherical ice 130	
particles [e.g., Brown and Francis, 1995; Mitchell, 1996; Mitchell et al., 1996; Francis et 131	
al., 1998; Heymsfield et al., 2013]:  132	
     ݉ሺܦሻ ൌ ܽܦ௕  ,    (1) 133	
     ܣሺܦሻ ൌ ߛܦఋ  ,    (2) 134	
where m is the mass of cloud particles, A is the projected area of cloud particles, and D is 135	
the maximum diameter (or the maximum linear dimension of the particle). Unless noted, 136	
all variables have centimeter-gram-second (CGS) units throughout this study. Therefore, 137	
D is in the unit of cm, a is in the unit of g cm-b, m(D) is in gram, γ is in the unit of cm2-δ 138	
and A(D) is in cm2.  139	
Table 1 summarizes coefficients a, b, γ, and δ of power laws used in several studies. 140	
Brown and Francis [1995] provided a m-D relation for D ≥ 97 × 10-4 cm (= 97 μm), while 141	
spherical assumption can be used for D < 97 × 10-4 cm. Francis et al. [1998] further 142	
defined a A-D relation from the same field experiments, which holds for D ≥ 128 × 10-4 143	
cm, while a spherical assumption can be used for smaller particles. For the analytical 144	
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integration of mass and area over PSD, we compute a single set of a, b, γ, and δ valid for 145	
all sizes of D (case (3) of Table 1). In doing so, we compute m(D) for 1× 10-4 cm ≤ D ≤ 146	
200 × 10-4 cm, using Eq. (1) with coefficients a and b (cases (1) and (2) of Table 1). Then 147	
linear regression is performed between ln(D) and ln[m(D)] to get coefficients a and b 148	
(case (3) of Table 1). Similarly, coefficients γ and δ (case (3) of Table 1) are obtained 149	
from linear regression between ln(D) and ln[A(D)]. Obtained correlation coefficients are 150	
> 0.99, and root mean square (RMS) errors for mass and area are 2.33 × 10-7 g and 8.49 × 151	
10-6 cm2, respectively. Hereafter, the single coefficient set of a, b, γ, and δ for all size D 152	
(case (3) in Table 1) is referred to as Brown and Francis. 153	
While Brown and Francis [1995] and Francis et al. [1998] provide fixed m-D and A-D 154	
relations regardless of temperature, Heymsfield et al. [2013] provide temperature-155	
dependent m-D and A-D relations based on a wide geographical range of field 156	
experiments from Tropics through Arctic as 157	
    ܽ ൌ 0.0081 expሺ0.013	ܶሻ ,    (3) 158	
    ܾ ൌ 2.31 ൅ 0.0054	ܶ  ,    (4) 159	
   ߛ ൌ గସ ሺ0.2833 ൅ 0.006913ܶ ൅ 8.09	 ൈ	10ିହ	ܶଶሻ , and (5) 160	
   ߜ ൌ െ0.2026 ൅ 0.009681ܶ ൅ 1.19 ൈ 10ିସ	ܶଶ ൅ 2 , 161	
 (6) 162	
where T is the temperature in Celsius, and −86°C ≤ T ≤ 0°C. We consider three different 163	
temperatures as −30°C, −45°C, and −60°C to get a, b, γ, and δ in Table 1 (cases (4)–(6)). 164	
Yang et al. [2000] computed the mass and area of ice particles for plates, hexagonal 165	
columns, and bullets. Table 2 of Yang et al. [2000] provides coefficients of fourth order 166	
polynomials of ln(D) to compute the mass and area. Using these fourth order 167	
polynomials, we compute m(D) and A(D) over the size range 1× 10-4 cm ≤ D ≤ 200 × 10-4 168	
cm, and derive coefficients a, b, γ, and δ by linear regression (cases (7)–(9) of Table 1). 169	
For plates, hexagonal columns, and bullets, the correlation coefficients between original 170	
values and obtained values are > 0.99, and RMS errors for mass and area are < 9.96 × 10-171	
8 g and < 2.79 × 10-6 cm2, respectively.  172	
In addition, using single particle shape properties of Yang et al. [2000], the mass and 173	
area of habit mixtures are also derived in this study, while similar work had been 174	
performed in Deng et al. [2010, 2013]. We use habit fractions defined in Baum et al. 175	
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[2005a, b]; For D < 60 × 10-4 cm, 100% droxtals, and for 60 × 10-4 cm ≤ D < 1000 × 10-4 176	
cm, 15% of 6-branch bullets, 50% of solid hexagonal columns, and 35% of plates are 177	
assumed. The coefficients a, b, γ, and δ for mixtures are given in case (10) of Table 1, 178	
while RMS errors for mass and area are 9.88 × 10-8 g and 8.86 × 10-6 cm2, respectively 179	
Case (11) of Table 1 provides coefficients of power laws for spherical particles, with 180	
an assumption of solid ice density (ρi) as 0.917 g cm-3. Therefore, a = ρi π/6, b = 3, γ = 181	
π/4, and δ = 2.  182	
Figure 1 shows the mass and projected area of ice particles as a function of D from a, 183	
b, γ, and δ listed in Table 1. As expected a spherical particle has a larger mass and a 184	
projected area than nonspherical particles for a given D. Among nonspherical particles 185	
used in this study, the mass and projected area by Brown and Francis are closest to those 186	
for spherical particles. Bullet with 6 branches by Yang et al. [2000] has the smallest mass 187	
and projected area for a given D. Temperature-dependent particle shapes described by 188	
Heymsfield et al. [2013] show that the mass decreases, and projected area slightly 189	
increases with increasing temperature (−60°C to −30°C).  190	
Figure 2 shows how the different m-D and A-D relationships, which are determined by 191	
particle shape, affect effective radius (reff) retrievals. As discussed in Section 2.2, radar 192	
reflectivity factor of a particle is proportional to m(D)2. Therefore, total reflectivity of NT 193	
number of particles with a size D is proportional to m(D)2 × NT. In addition, the 194	
extinction coefficient of NT particles at visible wavelengths is given by Qext A(D) × NT, 195	
where Qext is extinction efficiency at visible wavelengths. If we take the ratio of 196	
reflectivity to the extinction coefficient, NT is canceled out, and the ratio is proportional 197	
to m(D)2/A(D). Moreover, the effective radius is proportional to m(D)/A(D) (Section 2.2). 198	
Therefore, Fig. 2 shows a relationship between radar reflectivity to lidar-radar ratio 199	
[~m(D)2/A(D)] and effective radius [~m(D)/A(D)]. In this figure, plates and bullets by 200	
Yang et al. [2000] produce the smallest effective radius for a given lidar-radar ratio. In 201	
contrast, Heymsfield et al. [2013] at T = −60°C gives the largest cloud effective radius for 202	
m(D)2/A(D) < 0.03  10-7 g2 cm-2, while spherical assumption gives the largest effective 203	
radius for m(D)2/A(D) > 0.03  10-7 g2 cm-2. In Sections 3 and 4, we consider more 204	
realistic particle size distributions (PSDs) with gamma and lognormal distributions. 205	
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However, similar conclusions are found to those obtained from the single particle size 206	
assumption shown in Fig. 2.  207	
Note that several m-D and A-D relationships considered in this study were obtained 208	
from in-situ measurements [Brown and Francis, 1995; Francis et al., 1998; Heymsfield et 209	
al., 2013]. Recent studies [Field et al., 2006; Lawson, 2011; Korolev and Field, 2015] 210	
have reported that shattered ice fragments by instruments artificially increase the number 211	
of small particles. In this study, we only use particle shape parameters (a, b, , and ) 212	
instead of number concentrations [N(D)] from the in-situ measurements. Therefore, the 213	
impacts of shattering artifacts would be relatively small, once the particle shapes of large 214	
ice particles are properly measured. Examining impacts of shattering effects on the m-D 215	
and A-D relationships remains a topic of future work. 216	
 217	
2.2. Size-integrated optical parameters 218	
In a Rayleigh-scattering regime, the equivalent radar reflectivity factor of ice particles 219	
can be computed [Brown et al., 1995; Schneider and Stephens, 1995; McFarlane and 220	
Evans, 2004; Hogan et al., 2006a, 2006b] as 221	
 222	
   ܼ௘,ோ௔௬ ൌ |௄೔|
మ
|௄ೢ|మ
ଷ଺
గమఘ೔మ ׬ሾ݉ሺܦሻሿ
ଶ ܰሺܦሻ݀ܦ   (7) 223	
where Ze,Ray is the equivalent radar reflectivity factor with Rayleigh scattering theory, |Ki|2 224	
is the dielectric factor of solid ice, |Kw|2 is the dielectric factor of water, N(D) is the 225	
number of particles with the particle size D in a unit volume (cm-3 cm-1), m is the mass in 226	
gram, and ρi is the density of solid ice (g cm-3). However, for ice particles > 100 m, Mie 227	
scattering is not negligible and the effect should be considered in 94-GHz (3.2 mm) radar 228	
measurements. In this study, we use a Mie correction factor by following Benedetti et al. 229	
[2003] and Austin et al. [2009] as 230	
  ܼ௘ ൌ ெ݂௜௘ܼ௘,ோ௔௬ ൌ ெ݂௜௘ |௄೔|
మ
|௄ೢ|మ
ଷ଺
గమఘ೔మ ׬ሾ݉ሺܦሻሿ
ଶ ܰሺܦሻ݀ܦ   (8) 231	
where Ze includes both Mie and Rayleigh scattering effects, and fMie is the Mie correction 232	
factor. fMie is 1 is for small ice particles (< 100 m), and it decreases with an increasing 233	
ice particle size [Austin et al., 2009]. In addition, we define the radar reflectivity factor of 234	
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ice particles (Z), which can be inferred from Ze using the dielectric factors [Smith, 1984; 235	
Atlas, 1995]: 236	
        ܼ ൌ |௄ೢ|మ|௄೔|మ ܼ௘ ൌ ெ݂௜௘
ଷ଺
గమఘ೔మ ׬ሾ݉ሺܦሻሿ
ଶ ܰሺܦሻ݀ܦ .  (9)  237	
Combining Eqs. (1) and (9), we obtain 238	
  ܼ ൌ ଷ଺௙ಾ೔೐గమఘ೔మ ܽ
ଶ ׬ܦଶ௕ ܰሺܦሻ݀ܦ .    (10) 239	
The cloud extinction coefficient (kext, in the unit of cm-1) at a visible wavelength is an 240	
integration of the extinction cross section over the PSD,     241	
   ݇௘௫௧ ൌ ׬ܣሺܦሻܰሺܦሻܳ௘௫௧݀ܦ ൌ 2ߛ ׬ܦఋܰሺܦሻ݀ܦ ,  (11) 242	
where Qext is the visible extinction efficiency, and approximated as 2 in this study. IWC 243	
(g cm-3) is the total ice mass in a unit volume, which is an integration of m(D) over PSD 244	
[e.g., Bouldala et al., 2002; McFarlane and Evans, 2004], 245	
   ܫܹܥ ൌ ׬݉ሺܦሻܰሺܦሻ݀ܦ ൌ ܽ ׬ܦ௕ܰሺܦሻ݀ܦ .  (12) 246	
In this study, effective radius (reff, in the unit of cm) is defined as [Foot, 1988; Brown 247	
et al., 1995; Hogan et al., 2006a, 2006b; Donovan and Van Lammeren, 2001; Delanoë 248	
and Hogan, 2008]: 249	
     ݎ௘௙௙ ൌ ூௐ஼௞೐ೣ೟
ଷ
ଶఘ೔ .    (13) 250	
 251	
2.3. Assumptions made in this study 252	
Most importantly, we assume that the unattenuated radar reflectivity factor (Z) and 253	
visible extinction (kext) by cloud particles are available from radar and lidar 254	
measurements, respectively. In obtaining the unattenuated reflectivity factor from the 255	
radar measurements, attenuation by gas and hydrometeors should be corrected [Marchand 256	
et al., 2008]. The gas attenuation can be estimated directly from temperature and 257	
humidity profiles based on satellite infrared/microwave sounding observations or 258	
reanalysis [e.g. Aumann et al., 2003; Tobin et al., 2006; Rienecker et al., 2011]. The 259	
attenuation by ice-phase hydrometeors is negligible since imaginary part of the refractive 260	
index of ice is in the order of 10-3 at 94 GHz (3.2 mm). Multiple scattering of the radar 261	
signal by cloud particles is generally negligible for non-precipitating clouds [Battaglia et 262	
al., 2005, 2007; Lebsock, 2011]. Therefore, we target non-precipitating clouds in this 263	
study.  264	
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If an ice particle is larger than 100 μm, the particle is not a Rayleigh scatterer 265	
anymore. In this study, we use a Mie correction factor (fMie) to take into account Mie 266	
scattering, following approaches of Benedetti et al. [2003] and Austin et al. [2009]. In 267	
their studies, fMie is parameterized with the width parameter () and geometrical diameter 268	
(Dg) of a lognormal PSD. When Dg is 100 m, Eqs. (14)–(17) of Austin et al. [2009] give 269	
fMie ~ 0.9. This approach can be applied for other PSDs, such as a gamma PSD for which 270	
fMie is parameterized with dispersion () and slope parameters (). Therefore, we assume 271	
that fMie is not a function of D. A more sophisticated formula that takes into account Mie 272	
scattering in a radar wavelength can be developed for future applications. 273	
 While direct measurements of the extinction coefficient are available from High 274	
Spectral Resolution Lidar (HSRL) or Raman lidar [Burton et al., 2012, Whiteman et al., 275	
2004; Haarig et al., 2016], lidar ratio and multiple scattering factors are required to 276	
compute the extinction coefficient from elastic backscatter lidars such as CALIOP [Platt, 277	
1979; Platt et al., 1998; Young and Vaughan, 2009]. The lidar ratio and multiple 278	
scattering factor can be estimated and evaluated from two-transmission method [Young 279	
and Vaughan, 2009], from comparisons with other independent observations [Garnier et 280	
al., 2015, Holz et al. 2016], or by an iteration method [Hogan et al., 2006a; Seifert et al., 281	
2007; Kienast-Sjögren et al. 2016]. Once reasonable lidar ratio and multiple scattering 282	
factors are determined, attenuation by hydrometeors can be estimated, provided that 283	
Rayleigh scattering by gas molecules is already corrected using the atmospheric profiles. 284	
Young and Vaughan [2009] and Hogan et al. [2006a] provide detailed discussions of how 285	
the visible extinction coefficient is estimated from lidar backscatter measurements.  286	
The density of solid ice changes up to 1% with temperature. Cloud ice particles, 287	
however, can have a much smaller density than the solid ice particle due to porosities (or 288	
bubbles). Sato and Okamoto [2006] defined the ice bulk density (b) as a ratio of ice 289	
mass to exterior volume of ice particle including air bubbles. If there is no bubble in the 290	
ice particle, b becomes a density of solid ice around 0.917 g cm-3, but measured b is 291	
actually around 0.81 g cm-3 [Sato and Okamoto, 2006]. Heymsfield et al. [2004] defined 292	
an effective density (e) as a ratio of ice mass to volume of the circumscribed sphere of a 293	
nonspherical particle. They found that e can be related to the slope () of a gamma PSD. 294	
The range of e shown in Heymsfield et al. [2004] is quite large; 0.15 g cm-3 to 0.91 g 295	
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cm-3. Note that e is smaller than b, since e uses the enclosed sphere volume of 296	
nonspherical ice particle, while b uses the exterior volume of a nonspherical ice particle. 297	
In this study, we assume the ice bulk density (b) to equal the density of solid ice (= 298	
0.917 g cm-3, i) because a change of b from 0.60 to 0.92 g cm-3 only causes <1 dB 299	
differences in the radar reflectivity [Sato and Okamoto, 2006]. However, we take into 300	
account variations of the effective density (e) by considering different ice particle shapes 301	
(or m-D and A-D relations). 302	
The phase identification is important in estimating radar reflectivity (Z) from 303	
equivalent radar reflectivity factor (Ze) (Eq. (9)). We assume that cloud particles are all in 304	
ice phase and no mixed phase is involved. In addition, the expression we derive here 305	
requires that both radar and lidar signals are available, i.e. a cloud layer needs to be 306	
optically thin so that it does not fully attenuate the lidar signal. Further studies are 307	
required to extend our expressions to lidar- or radar-only observations. 308	
In the following sections, we examine how coefficients in m-D and A-D relations 309	
affect the retrieved effective radius in the radar and lidar observations. The retrieval 310	
algorithm is generally based on an inversion method that starts with an initial guess. The 311	
algorithm goes through iterations to minimize a cost function till the cost function 312	
becomes smaller than a threshold value. Optimal Estimation allows quantification of the 313	
retrieval errors, once uncertainties of input empirical data are known. Even though 314	
estimating the uncertainties of input data is also challenging [Mace and Benson, 2017], 315	
we assume that the inversion method converges to a solution with a reasonable accuracy. 316	
Then the analytic relationship derived here can be used for converting the effective radius 317	
derived with different particle shape assumptions to the effective radius with a common 318	
particle shape assumption for consistent radiative transfer computations.  319	
Lastly, this study uses power laws to express distributions of mass and projected area 320	
as in Eqs. (1) and (2). Erfani and Mitchell [2016] noted that the power laws can 321	
overestimate particle mass and area for small particle sizes. They found that the second-322	
order polynomials as functions of ln(D) are more feasible to describe mass and projected 323	
area of ice particles over the diverse range of D. However, because the power laws can be 324	
handled easily in analytic integrations of mass and projected area over PSD, we use the 325	
power laws throughout this study. 326	
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 327	
3. Analytic derivation using a gamma particle size distribution (PSD) 328	
In this section, we consider a gamma size distribution in deriving radar reflectivity 329	
factor (Z), ice water content (IWC), visible extinction coefficient (kext), and effective 330	
radius (reff). Then the sensitivity of reff to coefficients of m-D and A-D relationships is 331	
analytically examined. We also show similar derivations with a lognormal size 332	
distribution in Section 4.  333	
 334	
3.1. Sensitivity of reff and IWC to coefficients of m-D and A-D relationships  335	
The gamma particle size distribution (PSD) [e.g., Kosarev and Mazin, 1991; Mitchell, 336	
1991] is defined as  337	
    ܰሺܦሻ ൌ ଴ܰܦఓ expሺെΛܦሻ ,    (14) 338	
where Λ is the slope (cm-1), μ is the dispersion (unitless), and N0 (cm-μ-4) is the intercept. 339	
In this equation, N(D) decreases more rapidly toward large D with increasing Λ, and 340	
the inflection point of N(D) moves toward zero with decreasing μ. This means that the 341	
particle effective radius decreases with increasing Λ or decreasing μ. The jth Moment 342	
Generating Function (MGF) of gamma distribution is 343	
       ܯ௝ ൌ ׬ܰሺܦሻܦ௝݀ܦ ൌ ଴ܰ ୻ሺ௝ାఓାଵሻஃೕశഋశభ  .   (15) 344	
The total number (NT) of the gamma distribution in the unit of cm-3 is obtained from the 345	
zeroth moment of MGF: 346	
     ்ܰ ൌ ଴ܰ ୻ሺఓାଵሻஃഋశభ  .    (16) 347	
Combining Eqs. (10) and (15), the radar reflectivity factor in the unit of cm6 cm-3 (= 1012 348	
mm6 m-3) is   349	
    ܼ ൌ ଷ଺௙ಾ೔೐గమ	ఘ೔మ ܽ
ଶ ଴ܰ
୻ሺଶ௕ାఓାଵሻ
ஃమ್శഋశభ  .    (17) 350	
Similarly, kext (cm-1), IWC (g cm-3), and reff (cm) are expressed as  351	
    ݇௘௫௧ ൌ 2 ଴ܰߛ ୻ሺఋାఓାଵሻஃഃశഋశభ  ,    (18) 352	
    ܫܹܥ ൌ ܽ ଴ܰ ୻ሺ௕ାఓାଵሻஃ್శഋశభ   , and    (19) 353	
  ݎ௘௙௙ ൌ 3ܽ ଴ܰ ୻ሺ௕ାఓାଵሻஃ್శഋశభ
ଵ
ସఘ೔ேబఊ
ஃഃశഋశభ
୻ሺఋାఓାଵሻ ൌ
ଷ௔
ସఘೞ೔ఊ
୻ሺ௕ାఓାଵሻ
୻ሺఋାఓାଵሻ Λఋି௕. (20)  354	
	 13	
Once we take the ratio of Z to kext (radar reflectivity-to-lidar-extinction ratio), N0 cancels 355	
out and results in  356	
 ௓௞೐ೣ೟ ൌ 	
ଵ଼௙ಾ೔೐
గమఘ೔మ
௔మ
ఊ
୻ሺଶ௕ାఓାଵሻ
୻ሺఋାఓାଵሻ Λఋିଶ௕ .   (21) 357	
where Z/kext is in the unit of cm4. Figure 3 shows a typical range of Z/kext using CloudSat 358	
and CALIPSO measurements. CloudSat provides equivalent radar reflectivity factor in 359	
dB (ZdB) (Fig. 3a), where ZdB = 10 log Ze. Then Eq. (9) can be used to obtain radar 360	
reflectivity (Z) from equivalent radar reflectivity factor (Ze). Combining CloudSat Z with 361	
CALIPSO cloud extinction coefficient (kext) results in Z/kext in Fig. 3c for ice clouds. The 362	
ice clouds are selected when kext > 0.01 km-1 and air temperature < 253 K. Z/kext generally 363	
increases with Z (Fig. 3d), and Z/kext is between 10-10 and 10-6 cm4 (Fig. 3e).  364	
In Eqs. (20) and (21), reff and Z/kext are expressed with a, b, γ, δ, μ, and Λ. Note that 365	
impacts of μ and Λ largely offset in N(D) for a given D, since N(D) increases with 366	
increasing μ and with decreasing Λ. Either μ or Λ in above equations can be eliminated 367	
using Eq. (21). To eliminate Λ, we solve Eq. (21) for Λ  368	
    Λ ൌ ቄ ௓௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మ
୻ሺఋାఓାଵሻ
୻ሺଶ௕ାఓାଵሻቅ
భ
ഃషమ್ ,   (22) 369	
and substitute Eq. (22) into Eq. (20) to obtain 370	
   ݎ௘௙௙ ൌ ଷ௔ସఘ೔ఊ
୻ሺ௕ାఓାଵሻ
୻ሺఋାఓାଵሻ ቄ
௓
௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మ
୻ሺఋାఓାଵሻ
୻ሺଶ௕ାఓାଵሻቅ
್షഃ
మ್షഃ .  (23) 371	
Resulting Eq. (23) is a function of a, b, γ, δ, and μ. Using asymptotic theory, we get   372	
  ቀ୻ሺ୶ା୮ሻ୻ሺ୶ା୯ሻቁ~ ቀݔ ൅
௣ା௤ିଵ
ଶ ൅ ݋ሺݔିଵሻቁ
௣ି௤ 			ܽݏ	ݔ → 	∞ ,  (24) 373	
where x =  +  + 1, p = b – , and q = 0 (see Appendix A for more detailed expressions). 374	
When using the first two terms in the right side of Eq. (24) and ignoring higher terms, 375	
errors are <15%, <4%, and <2% for  ≥ −2,  ≥ 0, and  ≥ 2, respectively (Appendix A, 376	
Fig. A1). Using Eq. (24), we can approximate Eq. (23) as 377	
 ݎ௘௙௙ ൌ ଷ௔ସఘ೔ఊ ቄߤ ൅
௕ାఋାଵ
ଶ ቅ
௕ିఋ ቄ ௓௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మቅ
್షഃ
మ್షഃ ቄߤ ൅ ଶ௕ାఋାଵଶ ቅ
ି௕ାఋ
   378	
        ൌ ଷସఘ೔ ܽ
ഃ
మ್షഃ			ߛି ್మ್షഃ ቄ ௓௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐ቅ
್షഃ
మ್షഃ ቄ ଶఓା௕ାఋାଵଶఓାଶ௕ାఋାଵቅ
௕ିఋ
 .    (25) 379	
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Note that this approximated Eq. (25) is only used for analytic expressions of the first 380	
derivatives in Eqs. (27)−(30), and (32). Full equation Eq. (23) is used for all other 381	
derivations. We take the natural logarithm of Eq. (25),  382	
ln ݎ௘௙௙ ൌ ln ଷସఘ೔ ൅
ఋ
ଶ௕ିఋ ln ܽ െ
௕
ଶ௕ିఋ ln ߛ ൅ ቀ
௕ିఋ
ଶ௕ିఋቁ ln ቀ
௓
௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐ቁ ൅ ሺܾ െ383	
ߜሻ ln ቀ ଶఓା௕ାఋାଵଶఓାଶ௕ାఋାଵቁ ,         (26) 384	
where Z and kext are known values since they are assumed to be available from the radar 385	
and lidar measurements (Section 2.3). We assume that μ is not a function of a, b, γ, and δ 386	
(i.e. the size distribution does not depend on particle shape) and take derivatives of reff 387	
with respect to a, b, γ, and δ. These derivatives can be interpreted as a sensitivity of reff to 388	
assumption of particle shape factor, in terms of a, b, γ, and δ. The first derivatives of Eq. 389	
(26) with respect to a, b, γ, and δ are   390	
డ൫୪୬ ௥೐೑೑൯
డ௔ ൌ
ఋ
ଶ௕ିఋ
ଵ
௔  ,            (27) 391	
డ൫୪୬ ௥೐೑೑൯
డ௕ ൌ
ఋ
ሺଶ௕ିఋሻమ ln ቀ
௓
௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మቁ ൅ ln ቀ
ଶఓା௕ାఋାଵ
ଶఓାଶ௕ାఋାଵቁ െ
ሺ௕ିఋሻሺଶఓାఋାଵሻ
ሺଶఓା௕ାఋାଵሻሺଶఓାଶ௕ାఋାଵሻ ,    (28) 392	
డ൫୪୬ ௥೐೑೑൯
డఊ ൌ െ
ଵ
ఊ
௕
ଶ௕ିఋ , and           (29) 393	
డ൫୪୬ ௥೐೑೑൯
డఋ ൌ െ
௕
ሺଶ௕ିఋሻమ ln ቀ
௓
௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మቁ െ ln ቀ
ଶఓା௕ାఋାଵ
ଶఓାଶ௕ାఋାଵቁ ൅
௕ሺ௕ିఋሻ
ሺଶఓା௕ାఋାଵሻሺଶఓାଶ௕ାఋାଵሻ . (30)	394	
Equation (27) > 0, Eq. (28) < 0, Eq. (29) < 0, and Eq. (30) > 0, because a > 0, b > δ > 0, γ 395	
> 0, and 0 ൏ ௓௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మ ൏ 1. Therefore, reff increases with increasing a, decreasing b, 396	
decreasing γ, or increasing δ.  397	
Figure 4 shows the sensitivity of reff for changing a, b, γ, and δ by 10% using Eq. 398	
(23). We set reference values of a, b, γ, and δ using Brown and Francis (case (3) of Table 399	
1). Then two of four parameters a, b, γ, and δ are perturbed by 10% from the reference 400	
values in each panel of Fig. 4. We consider two values of Z/kext in Eq. (23), 10-10 and 10-6 401	
cm4, which are, respectively, the lower and upper limit of a typical range (Fig. 3e). Also, 402	
μ is fixed as −1 in Fig. 4. The sensitivity of reff to μ is separately examined in Section 3.2. 403	
In addition, fMie is fixed as 1 in Fig. 4. For Dg = 100 m in the lognormal PSD, fMie is 404	
around 0.9 (Section 2.3). If we use fMie of 0.9 instead of 1, reff  shows almost the same 405	
sensitivity to a, b, γ, and δ (not shown). 406	
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Figure 4 shows that retrieved reff increases with increasing a, with decreasing b, with 407	
decreasing γ, or with increasing δ, which are consistent with signs of Eqs. (27)−(30). 408	
Both Z/kext = 10-10 and 10-6 cm4 show almost the same sensitivity of reff to a, b, γ, and δ. 409	
The 10% changes of a, b, γ, and δ can change reff by more than 100% (each panel of Fig. 410	
4). In particular, reff is more sensitive to b and δ, in comparison to a and γ, simply because 411	
b and δ are exponents for mass and projected area distributions, while a and γ are scaling 412	
factors. 413	
Figure 5 represents computed reff using Eq. (23) for different sets of a, b, γ, and δ listed 414	
in Table 1. Similar to Fig. 4, μ is fixed as −1, but Z/kext changes from 10-10 to 10-6 cm4. In 415	
addition, fMie is assumed to be 1 in Fig. 5. When fMie is assumed to be 0.9 (Section 2.3), 416	
the retrieved reff is 1.5–3% larger than reff with fMie = 1 (not shown). This is simply 417	
because reff is proportional to fMie–(b–)/(2b–) in Eq. (23), while –(b – )/(2b – ) changes 418	
between –0.15 and –0.25 depending on m-D and A-D relationships. 419	
The vertical spread of curves in Fig. 5 is basically the uncertainty in the retrieved reff 420	
due to ice particle shape (a, b, , and ) assumptions. When Z/kext < 10-7 cm4, the particle 421	
shape of Heymsfield et al. [2013] at T = −60°C gives the largest reff, while plates and 422	
bullets of Yang et al. [2000] give the smallest reff. For Z/kext < 10-8 cm4, reff derived with 423	
Heymsfield et al. [2013] at the temperature of −60°C is almost twice of reff derived with 424	
plates or bullets of Yang et al. [2000]. These results are consistent with Fig. 2, in which 425	
size distribution is not considered (i.e. mono-disperse). This suggests that relative 426	
changes of reff due to different a, b, γ, and δ might not be limited to a specific PSD 427	
assumption.   428	
A similar type of comparisons to those in this section was performed by Donovan and 429	
Van Lammeren [2001]. Figure 10 of Donovan and Van Lammeren [2001] shows that an 430	
assumption of spherical particles leads to the largest reff, while compact polycrystal leads 431	
to the smallest reff for the given reff´, where reff´ is defined from the radar-to-lidar ratio. 432	
The sensitivity of IWC to ice particle shape can be computed by multiplying Eqs. (27) 433	
–(30) by (ln IWC)/(ln reff). Note that IWC, kext, and reff are related by Eq. (13), and kext 434	
is fixed because it is known from the lidar measurements. Therefore, (ln kext) = 0, and 435	
(ln IWC) = (ln reff) or (ln IWC)/(ln reff) = 1. This suggests that IWC has the same 436	
sensitivity to a, b, γ, and δ as reff. 437	
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 438	
3.2. Sensitivity of reff to assumption of μ  439	
When the sensitivity of reff to m-D and A-D relationships (in terms of a, b, γ, and δ) is 440	
analyzed in Section 3.1, μ is fixed as −1. Data from field campaigns suggest that μ varies 441	
between −2 to 10 [Heymsfield et al., 2002, 2013; Patade et al., 2015; Hou et al., 2014]. In 442	
this section, we examine how μ in the gamma PSD influences the solution of reff.  443	
Instead of fixing μ as −1, we can simultaneously retrieve μ along with other 444	
parameters. The problem with this approach is that we have three unknowns, N0, μ, and 445	
Λ, to fully describe the gamma PSD, but we only have two measured values of radar 446	
reflectivity factor (Z) and visible extinction (kext). This means that N0, μ, and Λ are not 447	
uniquely determined. As a result, the radar and lidar algorithm requires additional 448	
information to constrain the solution of N0, μ, and Λ. Since our derivation of reff in Eq. 449	
(23) includes μ, we can use a relationship between μ and temperature based on in-situ 450	
measurements [Heymsfield et al., 2013]:  451	
ߤ ൌ െ0.84 െ 0.0915	ܶ െ 2.936	 ൈ	10ିଷ	ܶଶ  452	
        െ3.653	 ൈ	10ିହ	ܶଷ െ 2.157	 ൈ	10ି଼	ܶସ	,     (31) 453	
where T is the temperature in Celsius between −86°C and 0°C.  Note that in Fig. 9 of 454	
Heymsfield et al. [2013], actual μ deviates up to ±2 from the temperature-based value in 455	
Eq. (31). This suggests that constraining μ with Eq. (31) brings uncertainties of μ by ±2. 456	
The sensitivity of reff to  can be obtained from the first derivative of reff with respect to 457	
: 458	
    డ ୪୬௥೐೑೑డఓ ൌ
ሺ௕ିఋሻ
ሺଶఓା௕ାఋାଵሻ
ଶ௕
ሺଶఓାଶ௕ାఋାଵሻ  .   (32) 459	
Eq. (32) is positive, and only a function of μ, b and δ, but not a and γ. The sensitivity 460	
increases with increasing b, decreasing δ, or decreasing μ. If b = δ or b = 0, Eq. (32) is 461	
zero, and the solution of reff is not affected by the choice of μ. These conditions are, 462	
however, unrealistic (Appendix B). 463	
Figure 6 shows how much reff changes when μ is increased by 2, considering the actual 464	
 can deviate from temperature-based  (Eq. (31)) by up to ±2. In addition, fMie is 465	
assumed to be 1 because fMie does not change reff(μ +2)/reff(μ). In Fig. 6, the sensitivity of 466	
reff to μ [=(ln reff)/] is larger for a smaller μ, which is consistent with Eq. (32). Among 467	
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m-D and A-D relationships in Fig. 6, the ice mixture by Yang et al. [2000] shows the 468	
largest sensitivity, while the particle shape of Heymsfield et al. [2013] at −60°C shows 469	
the smallest sensitivity. This is because the mixture by Yang et al. [2000] has the largest 470	
coefficient b, while the particle shape of  Heymsfield et al. [2013] at −60°C has the 471	
smallest b, which essentially determines the magnitude of Eq. (32).  472	
In Fig. 6, a large uncertainty of reff occurs for μ0 < 0, resulting ratios of reff (μ = μ0+2) 473	
to reff (μ = μ0) > 1.2. This means that >20% errors in reff are expected when increasing μ 474	
by 2. However, when μ0 is positive in Fig. 6, most of the shapes show the ratio less than 475	
1.1 (<10% errors in reff). The negative disperse (μ) means a sub-exponential particle size 476	
distribution, which is often associated with small ice particles or smaller Λ [Patade et al., 477	
2015]. In other words, when ice clouds are predominantly composed of larger ice 478	
particles, μ > 0 and reff is relatively insensitive to the assumption of μ. In addition, Fig. 9b 479	
of Patade et al. [2015] shows a strong relationship between μ and Λ for subdivided 480	
temperature ranges. This suggests that the uncertainty of reff due to the assumption of μ 481	
can be significantly reduced if the relationship between μ and Λ is used in the retrievals. 482	
 483	
4. Analytic derivation using a lognormal PSD  484	
In this section, we derive size-integrated optical parameters using a lognormal PSD, 485	
and the results are compared with those from the gamma PSD (Section 3). We consider 486	
the lognormal PSD as follows: 487	
   ܰሺܦሻ ൌ ்ܰ ଵ√ଶగఠ஽ exp	ቂെ
ሺ୪୬஽ି୪୬஽೒ሻమ
ଶఠమ ቃ .   (33) 488	
where NT is a total number of particles in a unit volume (cm-3), Dg is a geometrical 489	
diameter (cm), and ω is a width parameter (unitless). The jth Moment Generating 490	
Function (MGF) of the lognormal distribution is given by 491	
           ܯ௝ ൌ ׬ܰሺܦሻܦ௝݀ܦ ൌ்ܰܦ௚௝exp	ቀଵଶ ݆ଶ߱ଶቁ .   (34) 492	
If we apply Eq. (34) to Eqs. (10)−(13), we get 493	
   ܼ ൌ ଷ଺௙ಾ೔೐గమఘ೔మ ܽ
ଶ்ܰܦ௚ଶ௕exp	ሺ2ܾଶ߱ଶሻ ,    (35) 494	
   ݇௘௫௧ ൌ 2ߛ்ܰܦ௚ఋexp	ቀଵଶ ߜଶ߱ଶቁ ,    (36) 495	
   ܫܹܥ ൌ ்ܽܰܦ௚௕exp	ቀଵଶ ܾଶ߱ଶቁ , and    (37)  496	
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   ݎ௘௙௙ ൌ ଷସఘ೔
௔
ఊ ܦ௚௕ିఋexp	ቀ
ଵ
ଶ ሺܾଶ െ ߜଶሻ߱ଶቁ .   (38) 497	
The ratio Z/kext can be expressed as a function of a, b, γ, δ, Dg, and ω: 498	
   ௓௞೐ೣ೟ ൌ
ଵ଼௙ಾ೔೐
గమఘ೔మ
௔మ
ఊ ܦ௚ଶ௕ିఋexp	ቀ
ସ௕మିఋమ
ଶ ߱ଶቁ .   (39) 499	
Note that for a given D, impacts of Dg and ω on N(D) largely offset since N(D) increases 500	
with increasing Dg and with decreasing ω. We can eliminate one of Dg and ω using Eq. 501	
(39). Rearranging Eq. (39), we get 502	
   ܦ௚ ൌ ቄ ௓௞೐ೣ೟
గమఘ೔మఊ
ଵ଼௙ಾ೔೐௔మቅ
భ
మ್షഃ exp	ቀെ ଶ௕ାఋଶ ߱ଶቁ .   (40) 503	
Combining Eqs. (38) and (40) results in 504	
  ݎ௘௙௙ ൌ ଷସఘ೔
௔
ఊ ቄ
௓
௞೐ೣ೟
గమఘ೔మఊ
ଵ଼௙ಾ೔೐௔మቅ
್షഃ
మ್షഃ exp	ቀെ ௕ଶ ሺܾ െ ߜሻ߱ଶቁ .  (41) 505	
Equation (41) becomes a function of a, b, γ, δ, and ω, while Dg is eliminated in the 506	
equation. By taking the natural logarithm of Eq. (41),  507	
ln ݎ௘௙௙ ൌ ln ቀ ଷସఘ೔ቁ ൅
ఋ
ଶ௕ିఋ ln ܽ െ
௕
ଶ௕ିఋ ln ߛ ൅
௕ିఋ
ଶ௕ିఋ ln ቄ
௓
௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐ቅ െ
ଵ
ଶ ሺܾଶ െ ܾߜሻ߱ଶ .  (42)  508	
As in Section 3, we get the first derivatives of reff with respect to a, b, γ, and δ: 509	
డ൫୪୬ ௥೐೑೑൯
డ௔ ൌ
ఋ
ଶ௕ିఋ
ଵ
௔ ൐ 0 ,        (43) 510	
డ൫୪୬ ௥೐೑೑൯
డ௕ ൌ
ఋ
ሺଶ௕ିఋሻమ ln ቄ
௓
௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మቅ െ
ఠమ
ଶ ሺ2ܾ െ ߜሻ ൏ 0 ,    (44) 511	
డ൫୪୬ ௥೐೑೑൯
డఊ ൌ െ
௕
ଶ௕ିఋ
ଵ
ఊ ൏ 0 , and       (45) 512	
డ൫୪୬ ௥೐೑೑൯
డఋ ൌ െ
௕
ሺଶ௕ିఋሻమ ln ቄ
௓
௞೐ೣ೟
గమఘ೔మ
ଵ଼௙ಾ೔೐
ఊ
௔మቅ ൅
ఠమ
ଶ ൐ 0 .     (46) 513	
Equations (43)−(46) show consistent signs to those found in Eqs. (27)−(30). In 514	
addition, Eqs. (43) and (45) are equal to Eqs. (27) and (29), respectively. This means that 515	
sensitivity of reff to a and γ are the same when either gamma or lognormal PSD is used. In 516	
contrast, the sensitivity of reff to b and δ depends on μ in the gamma PSD and ω in the 517	
lognormal PSD.  518	
As in the gamma PSD, the lognormal PSD has three unknown parameters NT, Dg, and 519	
ω, while we only have two measured parameters as kext and Z. Therefore, a unique 520	
solution of NT, Dg, and ω does not exist, and the retrieval algorithm requires additional 521	
information about NT, Dg, or ω. Since our expression of reff in Eq. (41) is a function of ω, 522	
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we can use in-situ measurements of ω to constrain the solution [e.g., Tian et al., 2010, 523	
Austin et al., 2009]. For example, Austin et al. [2009] set up a priori value of ω 524	
depending on air temperature in CloudSat 2B-CWC algorithm: 525	
    ߱ ൌ 0.694582 ൅ 0.00650884ܶ ,    (47) 526	
where T is the temperature in Celsius. Figure 7 shows that a priori value of ω and 527	
retrieved ω by the 2B-CWC algorithm. For each temperature level, retrieved ω deviates 528	
from a priori value (red line in Fig. 7) by about 0.1. Therefore, when we use the 529	
temperature-based ω in Eq. (47), the uncertainty of ω is about 0.1, and it also causes the 530	
uncertainty in reff. The sensitivity of reff to the assumption of ω is quantified by 531	
    డ൫୪୬ ௥೐೑೑൯డఠ ൌ െܾሺܾ െ ߜሻ߱ .    (48) 532	
Equation (48) is negative, and the magnitude increases with increasing ω, increasing b, or 533	
decreasing δ. If b = δ or b = 0, Eq. (48) becomes zero, and the solution of reff is not 534	
affected by choice of ω, but these conditions are unrealistic (Appendix B).  535	
 Figure 8 shows changes of reff when ω is increased by 0.1. As in Fig. 6, fMie is fixed as 536	
1 because fMie does not change reff (ω+0.1)/reff (ω). When ω is larger, the sensitivity of reff 537	
to ω is larger, which is consistent with Eq. (48). In addition, among m-D and A-D 538	
relationships used in Fig. 8, the mixture of Yang et al. [2000] shows the largest sensitivity 539	
(the largest deviation of ratio from 1), and the particle shape of Heymsfield et al. [2013] 540	
at −60°C shows the smallest sensitivity. This is consistent with those found in Section 3.2 541	
with the gamma PSD. Generally, uncertainties of reff related to the assumption of ω are 542	
smaller than 20% for all particle shapes. 543	
 544	
5. Conversion of reff  545	
In this section, we use analytical relationships derived in Sections 3 and 4 to 546	
demonstrate the conversion of reff derived with different particle shapes (Section 5.1) or 547	
PSD (Section 5.2) assumptions. In Section 5.3, we discuss a more general case that both 548	
particle shape and PSD are different between two radar-lidar algorithms.  549	
 550	
5.1. Conversions of reff when different particle shapes are used in the gamma PSD 551	
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If two retrieval algorithms use the same gamma PSD, but assume different particle 552	
shapes (a, b, , and ), retrieved effective radii would differ as shown in Fig. 5. Let us 553	
assume that reff,1 is retrieved from a coefficient set of a1, b1, γ1, and δ1, and reff,2 is 554	
retrieved from a coefficient set of a2, b2, γ2, and δ2. We also assume that both algorithms 555	
use the same value μ. If we want to convert reff,1 into reff,2, we can use analytic expressions 556	
discussed in Section 3. First, we can express Z/kext with reff,1, a1, b1, γ1, and δ1 using Eq. 557	
(23) as follows:  558	
 ௓௞೐ೣ೟ ൌ ቄݎ௘௙௙,ଵ
ସఘ೔ఊభ
ଷ௔భ
୻ሺఋభାఓାଵሻ
୻ሺ௕భାఓାଵሻቅ
మ್భషഃభ
್భషഃభ ଵ଼௙ಾ೔೐,భ
గమఘ೔మ
௔భమ
ఊభ
୻ሺଶ௕భାఓାଵሻ
୻ሺఋభାఓାଵሻ  .   (49) 559	
Combining Eqs. (23) and (49), reff,2 can be further expressed with reff,1, a1, b1, γ1, and δ1, 560	
as follows: 561	
ݎ௘௙௙,ଶ ൌ ଷ௔మସఘ೔ఊమ
୻ሺ௕మାఓାଵሻ
୻ሺఋమାఓାଵሻ ൜
గమఘ೔మ
ଵ଼௙ಾ೔೐,మ
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୻ሺఋమାఓାଵሻ
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್మషഃమ
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               ൌ ݎ௘௙௙,ଵ
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್మషഃమ
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୻ሺ௕మାఓାଵሻ
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               ൈ ቄ ୻ሺఋమାఓାଵሻ୻ሺଶ௕మାఓାଵሻ
୻ሺଶ௕భାఓାଵሻ
୻ሺఋభାఓାଵሻ ቅ
್మషഃమ
మ್మషഃమ ቄସఘ೔ఊభଷ௔భ
୻ሺఋభାఓାଵሻ
୻ሺ௕భାఓାଵሻቅ
మ್భషഃభ
್భషഃభ
್మషഃమ
మ್మషഃమ .  (50) 564	
 565	
Eq. (50) gives a conversion formula from reff,1 to reff,2, or vice versa. Note that Eq. (50) 566	
becomes reff,2 = reff,1, if two algorithms use the same set of a, b, γ, and δ (i.e. a1= a2, b1= 567	
b2, γ1= γ2, δ1= δ2) and Mie correction factor (fMie,1 = fMie,2).  568	
Figure 9 shows relationships between reff,1 and reff,2, when reff,1 is retrieved from the m-569	
D and A-D relations of Brown and Francis (case (3) of Table 1), while reff,2 is retrieved 570	
from other m-D and A-D relationships shown in Table 1 (cases (4)–(11)). We also 571	
assume in Fig. 9 that the same Mie correction factor is used in two algorithms (fMie,1 = 572	
fMie,2). In Fig. 9, we use two values of μ as 4.16 and –0.45, corresponding temperature 573	
−75°C and −5°C based on Eq. (31). However, if other values of μ are used in the retrieval 574	
algorithms, the corresponding values should be used in Eq. (50) for the effective radius 575	
conversion.    576	
Figure 9 shows that the impact of μ on the relationship between reff,1 and reff,2 is almost 577	
negligible, as long as the same μ is applied to reff,1 and reff,2, while reff,1 significantly 578	
differs from reff,2. For the given reff,1, the spherical assumption or the ice particle shape by 579	
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Heymsfield et al. [2013] at T = −60°C gives the largest reff,2, while plates or bullets from 580	
Yang et al. [2000] give the smallest reff,2. These results are consistent with those shown in 581	
Figs. 2 and 5.  582	
Deng et al. [2013] showed that reff from DARDAR products [Delanoë and Hogan, 583	
2008, 2010] is greater than reff from CloudSat 2C-ICE products [Deng et al., 2010, 2013, 584	
2015]. The CloudSat 2C-ICE algorithm uses particle shape from the habit mixtures from 585	
Yang et al. [2000], while the DARDAR algorithm uses the particle shape from Brown 586	
and Francis [Brown and Francis, 1995, Francis et al., 1998]. Figure 9 shows that reff,2 587	
derived with the habit mixtures from Yang et al. [2000] is smaller than reff,1 derived with 588	
the particle shape from Brown and Francis, for reff,1 < 120 μm. Considering the effective 589	
radius is typically smaller than 100 μm, e.g., Fig. 10 of Deng et al. [2013], Fig. 9 is 590	
consistent with the result of Deng et al. [2013].  591	
 592	
5.2. Conversions of reff when different PSDs are used but with the same particle 593	
shape  594	
In this section, we assume that two algorithms use different PSDs (gamma versus 595	
lognormal) but use the same coefficients of a, b, γ, and δ. If reff,Gam is retrieved with a 596	
gamma PSD, while reff,LN is retrieved with a lognormal PSD, the conversion from reff,Gam 597	
to reff,LN can also be made using equations derived in Sections 3 and 4. Similar to the 598	
relationship derived in Section 5.1, Z/kext can be expressed with reff,Gam, a, b, γ, and δ as in 599	
Eq. (49). This can be used to express Z/kext in Eq. (41) as 600	
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 .  (51) 604	
 605	
Therefore, reff,LN is directly proportional to reff,Gam, and the ratio is determined by both 606	
μ and ω. Figure 10 shows the ratio of reff,Gam to reff,LN for various combinations of μ and ω, 607	
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while a, b, γ, and δ are from Brown and Francis (case (3) of Table 1). It is also assumed 608	
in Fig. 10 that the same Mie correction factor is used between two algorithms (fMie,LN = 609	
fMie,Gam). The ratio of reff,Gam to reff,LN is less than 1 for a smaller  and μ, indicating reff,LN 610	
is larger than reff,Gam. In contrast, the ratio is larger than 1 for a larger ω and μ, i.e. reff,Gam 611	
is larger than reff,LN. In Eq. (51), reff,Gam equals to reff,LN when  612	
 ߱ ൌ ඨ ଶ௕ሺ௕ିఋሻ ln ቊ
୻ሺఋାఓାଵሻ
୻ሺ௕ାఓାଵሻ ቂ
୻ሺଶ௕ାఓାଵሻ
୻ሺఋାఓାଵሻ ቃ
್షഃ
మ್షഃቋ ൎ ටଶ௕ ln ቄ
ଶఓାଶ௕ାఋାଵ
ଶఓା௕ାఋାଵ ቅ .  (52) 613	
The constant line of the ratio = 1 in Fig. 10 satisfies the condition of Eq. (52). 614	
Therefore, the retrieved reff from two algorithms are the same once 1) two algorithms use 615	
the same particle shape in terms of a, b, γ, and δ, and 2)  of the gamma PSD and  of 616	
the lognormal PSD satisfy the Eq. (52). Otherwise, Eq. (51) should be applied for 617	
converting reff derived with a gamma PSD into reff derived with a lognormal PSD, or vice 618	
versa. 619	
 620	
5.3. Conversion of reff when different PSDs and particle shapes are used 621	
In this section, we consider two algorithms that use different particle shapes and PSDs. 622	
Let us assume that reff,1 is retrieved from a set of coefficients a1, b1, γ1, and δ1 and a 623	
gamma PSD, and reff,2 is retrieved from a set of coefficients a2, b2, γ2, and δ2 and a 624	
lognormal PSD. Similar to Eq. (49), Z/kext can be expressed with reff,1, a1, b1, γ1, and δ1. 625	
Then Z/kext in Eq. (41) is substituted with Eq. (49), and we obtain 626	
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            ൈ ቄݎ௘௙௙,ଵ ସఘ೔ఊభଷ௔భ
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್మషഃమ
మ್మషഃమ .  (53) 629	
 630	
Equation (53) is a function of two sets of a, b, γ, and δ, as well as μ and ω. To simplify 631	
the relation in Eq. (53), we can use priori values of μ and ω that are used for reff retrievals 632	
such as Eq. (31) or (47). 633	
In Fig. 11, we consider two temperatures, −75°C, and −5°C, and compute μ using Eq. 634	
(31) and ω using (47). This corresponds to μ = 4.16 and −0.45, and ω = 0.21 and 0.66, 635	
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respectively. We also assume in Fig. 11 that the same Mie correction factor is used in two 636	
algorithms (fMie,1 = fMie,2). In Fig. 11, reff,1 is from m-D and A-D relationships of Brown 637	
and Francis (case (3) of Table 1) and a gamma PSD, while reff,2 is from other m-D and A-638	
D relationships from Table 1 and a lognormal PSD. Compared to Fig. 9, two different 639	
temperatures produce significantly different relationships between reff,1 and reff,2. This is 640	
because of different dependencies of μ and ω on the temperature, i.e. Eq. (31) versus Eq. 641	
(47). 642	
Deng et al. [2013] compared DARDAR with CloudSat 2B-CWC products, and they 643	
found that reff from 2B-CWC is larger by 0−30% (see Fig. 7 of the reference). In Fig. 11, 644	
2B-CWC corresponds to reff,2 using a spherical assumption (red line), and DARDAR 645	
corresponds to reff,1. When the temperature is −75°C, reff,2 with a spherical assumption is 646	
30% larger than reff,1 (solid red line). In contrast, when the temperature is −5°C, reff,2 with 647	
a spherical assumption is 10% smaller than reff,1 (dashed red line). Therefore, a diverse 648	
range (0−30%) of differences between DARDAR and 2B-CWC found in Deng et al. 649	
[2013] can be explained by the range of temperature. Note that other factors influence the 650	
differences between DARDAR and 2B-CWC reff because 2B-CWC uses radar only, while 651	
DARDAR uses radar and lidar. This study addresses the differences only caused by the 652	
assumption of particle shape and PSD. Equation (53) provides a possible conversion 653	
formula to overcome differences caused by particle shape and PSD assumptions.  654	
 655	
6. Summary 656	
This study analytically examines the impact of assumptions of ice particle shape on the 657	
effective radius derived from radar-lidar observations. We define the particle shape by 658	
four parameters, a, b, γ, and δ, expressing the relationships between mass and maximum 659	
diameter (m-D), and projected area and maximum diameter (A-D). The m-D and A-D 660	
relationships are expressed using power laws for analytic integration of mass and 661	
projected area over the particle size distribution (PSD). We use gamma and lognormal 662	
PSDs in computing size-integrated optical properties such as radar reflectivity factor (Z), 663	
visible extinction coefficient (kext), effective radius (reff), and ice water content (IWC). 664	
Throughout the analysis, we assume that radar reflectivity factor and visible extinction 665	
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are available, respectively, from radar and lidar measurements. We then express reff and 666	
IWC as functions of four parameters used in the m-D and A-D relationships. 667	
Different particle shape assumptions used in earlier studies lead to different m-D and 668	
A-D relationships (Fig. 1 and Table 1). This also results in a significant difference of 669	
mass-to-area ratio, which is directly related to the effective radius (reff) (Fig. 2). Among 670	
relationships examined in this study, the particle shape from Heymsfield et al. [2013] for 671	
T = −60°C gives the largest effective radius, while plates and bullets defined by Yang et 672	
al. [2000] give the smallest effective radius for a given Z/kext. These are obtained either 673	
we assume mono-disperse particles (Fig. 2) or a gamma PSD (Fig. 5).  674	
Effects of a, b, γ, and δ on cloud retrievals are also quantified using the first-order 675	
derivatives. The signs of the derivatives for gamma (Eqs. (27−(30)) and lognormal (Eqs. 676	
(43)−(46)) PSDs are consistent. The results indicate that the effective radius increases 677	
with increasing a, decreasing b, decreasing γ, and increasing δ. Altering a, b, γ, and δ by 678	
10% changes reff by more than 100% (Fig. 4). When we apply different m-D and A-D 679	
relationships shown in Table 1 (and thus different a, b, γ, and δ), the largest reff is almost 680	
twice as large as the smallest reff (Fig. 5). The sensitivity of IWC to a, b, γ, and δ is the 681	
same to reff. 682	
Because most radar-lidar inversion methods retrieve a larger number of unknown 683	
parameters than the number of equations that can be set up from measurements, they 684	
quite depend on a priori assumption of parameters in PSD. Therefore, we also examine 685	
how reff is affected by the assumption of μ in gamma PSD. As μ increases, reff also 686	
increases ((ln reff)/μ > 0 in Eq. (32)). In addition, the sensitivity of reff to μ increases 687	
with increasing b, decreasing δ, or decreasing μ (magnitude of Eq. (32)). In contrast, a 688	
and γ do not change the sensitivity of reff to μ. When μ is increased by a factor of 2, reff 689	
increases by 20−50% for μ < 0, while reff increases by < 10% for μ > 0 (Fig. 6). We also 690	
examine effects of ω on reff when a lognormal PSD is used. As ω increases, a smaller reff 691	
is obtained ((ln reff)/ω < 0 in Eq. (48)). The sensitivity of reff to ω increases with 692	
increasing ω, increasing b, or decreasing δ (magnitude of Eq. (48)). Among m-D and A-693	
D relationships considered in this study, the particle shape of Heymsfield et al. [2013] at 694	
the temperature of −60°C shows the smallest dependence of reff on μ and ω, while the ice 695	
mixture by Yang et al. [2000] shows the largest dependence (Figs. 6 and 8).  696	
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We demonstrate the conversion method of reff when different assumptions of particle 697	
shape and size distribution are used. First, we consider two retrieval algorithms that use 698	
the same gamma PSD, but assume different particle shapes, in terms of a, b, γ, and δ. The 699	
effective radii derived from these two algorithms are related by Eq. (50). The relationship 700	
is a function of two sets of a, b, γ, and δ and dispersion parameter (μ) of the gamma PSD. 701	
Different m-D and A-D relationships produce significant differences up to 100% in the 702	
retrieved reff (Fig. 9).  703	
Second, we consider two retrieval algorithms that use different PSDs, i.e. gamma and 704	
lognormal PSDs, but use the same particle shape (a, b, γ, and δ). In this case, two values 705	
of reff from the gamma and lognormal PSDs are related to each other by Eq. (51). The 706	
ratio of reff depends on the dispersion parameter (μ) of the gamma PSD and the width 707	
parameter (ω) of the lognormal PSD (Fig. 10). When  and μ are smaller (larger), a 708	
lognormal PSD leads to a larger (smaller) reff than reff derived with a gamma PSD (Fig. 709	
10). The condition in which both PSDs derive the same reff is given by Eq. (52).  710	
Third, we consider two algorithms that use different PSDs and particle shapes. The 711	
relation of reff is expressed with two sets of a, b, γ, δ, μ of the gamma PSD, and ω of the 712	
lognormal PSD (Eq. (53)). We can simplify this relation using a priori μ and ω used for 713	
reff retrievals. The relationship between two reff from two algorithms depends on 714	
temperature because μ and ω have different dependencies on the temperature change. 715	
Throughout this study, we assume that the Mie correction factor is independent of 716	
maximum dimension, and it is treated as a constant scaling factor when integrating the 717	
radar backscatter cross section over the particle size distribution (Eq. (8)). In addition, ice 718	
bulk density (b) is assumed to be the density of solid ice (i, 0.917 g cm-3) (Eqs. (7), 719	
(8)), following Sato and Okamoto [2006]. Future studies are needed related to 720	
assumptions of the Mie scattering correction and ice bulk density. 721	
Results of this study can be used to convert reff derived with different particle shape 722	
and size distribution assumptions. Equations derived in this work provide an efficient 723	
way to avoid inconsistency between assumptions used in reff retrievals and forward 724	
radiative transfer computations. Particle shape and PSD assumptions used in retrievals 725	
are not necessarily correct. Making the same assumptions in radiative transfer 726	
computations, however, eliminates the error caused by inconsistent assumptions.  727	
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Appendix A: Error analysis of the asymptotic theory for a ratio of two 963	
gamma functions 964	
 965	
According to Burić and Elezović [2011] and Olver et al. [2010],  966	
 ቀ୻ሺ୶ା୮ሻ୻ሺ୶ା୯ሻቁ
భ
೛ష೜ ~x ൅ ଴݂ ൅ ଵ୶ ଵ݂ ൅
ଵ
୶మ ଶ݂ ൅
ଵ
୶య ଷ݂ ൅
ଵ
୶ర ସ݂ ൅ ݋ሺxିହሻ , (A1) 967	
where  968	
  ଴݂ሺ݌, ݍሻ ൌ ௣ା௤ିଵଶ   ,      (A2) 969	
  ଵ݂ሺ݌, ݍሻ ൌ ଵଶସ ሾ1 െ ሺ݌ െ ݍሻଶሿ ,    (A3) 970	
  ଶ݂ሺ݌, ݍሻ ൌ െ ଴݂ ଵ݂ ,      (A4)  971	
  	 ଷ݂ሺ݌, ݍሻ ൌ ௙భଵ଴ ൫10 ଴݂ଶ െ 13 ଵ݂ െ 1൯ , and   (A5) 972	
  	 ସ݂ሺ݌, ݍሻ ൌ ି௙బ௙భଵ଴ ൫10 ଴݂ଶ െ 39 ଵ݂ െ 3൯ .   (A6) 973	
To apply the asymptotic theory to Γ(b+μ+1)/Γ(δ+μ+1) in Eq. (23), we define 974	
   ݔ ൌ ߤ ൅ ߜ ൅ 1 ,     (A7) 975	
   ݌ ൌ ܾ െ ߜ , and     (A8) 976	
   ݍ ൌ 0 .      (A9) 977	
Then Eq. (A1) can be expressed as 978	
ቀ୻ሺஜାୠାଵሻ୻ሺஜାஔାଵሻቁ
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ሺఓାఋାଵሻయ ଷ݂  979	
൅ ଵሺఓାఋାଵሻర ସ݂ ൅ ݋ሺሺߤ ൅ ߜ ൅ 1ሻିହሻ .    (A10) 980	
Regarding p − q = b − δ, Eqs. (A2)− (A6) become 981	
  ଴݂ሺܾ, ߜሻ ൌ ௕ିఋିଵଶ  ,      (A11) 982	
  ଵ݂ሺܾ, ߜሻ ൌ ଵଶସ ሾ1 െ ሺܾ െ ߜሻଶሿ ,    (A12) 983	
  ଶ݂ሺܾ, ߜሻ ൌ െ ଴݂ ଵ݂ ,      (A13)  984	
  	 ଷ݂ሺܾ, ߜሻ ൌ ௙భଵ଴ ൫10 ଴݂ଶ െ 13 ଵ݂ െ 1൯ , and   (A14) 985	
  	 ସ݂ሺܾ, ߜሻ ൌ ି௙బ௙భଵ଴ ൫10 ଴݂ଶ െ 39 ଵ݂ െ 3൯ .   (A15) 986	
As μ + δ + 1 increases, the high-order terms converge to zero in Eq. (A10), and the 987	
equation can be approximated with a few terms. In other words, when μ + δ + 1 has the 988	
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minimum value, ignoring the high-order terms leads the maximum uncertainty in Eq. 989	
(A10). According to in-situ measurements [Heymsfield et al., 2002, 2013; Patade et al., 990	
2015; Hou et al., 2014], μ is typically from −2 to 10, and thus the minimum of μ + δ + 1 991	
can be considered as δ − 1. Table (A1) provides the magnitude of each term when the 992	
minimum value of μ + δ + 1 (= δ − 1) is used. The sum of the first (= μmin + δ + 1) and 993	
second (= f0) terms is > 98%, > 95%, > 99%, > 96%, and 100% of the true values of 994	
(A10), when a, b, γ, and δ are from Brown and Francis, plates of Yang et al. [2000], solid 995	
columns of Yang et al. [2000], ice mixtures of Yang et al. [2000], and spherical particles, 996	
respectively. This means that we can ignore the terms higher than the third orders with a 997	
less than 5% uncertainty for these m-D and A-D relationships. Neglecting terms higher 998	
than the third orders, Eq. (A10) can be approximated as  999	
  ቀ୻ሺஜାୠାଵሻ୻ሺஜାஔାଵሻቁ
భ
್షഃ ≅ ሺߤ ൅ ߜ ൅ 1ሻ ൅ ௕ିఋିଵଶ ൌ ߤ ൅
௕ାఋାଵ
ଶ   .  (A16) 1000	
In a similar way, we can define x, p, and q for the approximation of Γ(2b + μ + 1)/Γ(δ + μ 1001	
+ 1) in the last term of Eq. (23), as follows: 1002	
   ݔ ൌ ߤ ൅ ߜ ൅ 1 ,     (A17) 1003	
   ݌ ൌ 2ܾ െ ߜ , and     (A18) 1004	
   ݍ ൌ 0 .      (A19) 1005	
Then we get  1006	
 ቀ୻ሺஜାଶୠାଵሻ୻ሺஜାஔାଵሻ ቁ
భ
మ್షഃ ≅ ሺߤ ൅ ߜ ൅ 1ሻ ൅ ଴݂ ൅ ଵఓାఋାଵ ଵ݂ ൅
ଵ
ሺఓାఋାଵሻమ ଶ݂ ൅
ଵ
ሺఓାఋାଵሻయ ଷ݂  1007	
   ൅ ଵሺఓାఋାଵሻర ସ݂ ൅ ݋ሺሺߤ ൅ ߜ ൅ 1ሻିହሻ .   (A20) 1008	
Table A2 lists the magnitude of each term in Eq. (A20). The sum of the first (= μmin + 1009	
δ + 1) and second (= f0) terms is larger than the true value of (A20), and the difference is 1010	
12–16%. This means that the approximation in Eq. (A20) has a larger uncertainty than 1011	
the approximation in Eq. (A10). However, Γ(2b + μ + 1)/Γ(δ + μ + 1) has a smaller 1012	
exponent [= (b – δ)/(2b − δ)] than that (=1) of Γ(b + μ + 1)/Γ(δ + μ + 1) in Eq. (23). As a 1013	
result, the approximation of Γ(2b + μ + 1)/Γ(δ + μ + 1) introduces a relatively smaller 1014	
uncertainty, compared to the approximation of Γ(b + μ + 1)/Γ(δ + μ + 1) in Eq. (23). 1015	
To estimate total uncertainties by approximating Γ(b + μ + 1)/Γ(δ + μ + 1) and Γ(2b + 1016	
μ + 1)/Γ(δ + μ + 1) in Eq. (23), we get the ratio as  1017	
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    ோೌ೛೛ೝ೚ೣିோ೟ೝೠ೐ோ೟ೝೠ೐ ൈ 100% ,   (A21) 1018	
where 1019	
 ܴ௧௥௨௘ ൌ ୻ሺ௕ାఓାଵሻ୻ሺఋାఓାଵሻ ቄ
୻ሺఋାఓାଵሻ
୻ሺଶ௕ାఓାଵሻቅ
ሺ௕ିఋሻ/ሺଶ௕ିఋሻ
  and (A22) 1020	
 ܴ௔௣௣௥௢௫ ൌ ቄߤ ൅ ௕ାఋାଵଶ ቅ
௕ିఋ ቄߤ ൅ ଶ௕ାఋାଵଶ ቅ
ି௕ାఋ
. (A23) 1021	
Note that Eqs. (A22) and (A23) are used in Eqs. (23) and (25), respectively. In Fig. A1, 1022	
(Rapprox – Rtrue)/Rtrue  100% is over 10% when μ = −2. The error rapidly decreases with 1023	
increasing μ, and the error is < 2% for μ > 2.  1024	
 1025	
Appendix B: Slopes of constant lines of reff and Z/kext in a μ-Λ domain 1026	
In Section 3.2, we discuss that a unique solution of N0, μ, and Λ does not exist because 1027	
the number of equations is smaller than the number of unknown parameters. Figure B1 1028	
further demonstrates that we cannot obtain a unique solution of reff from observed Z/kext, 1029	
as a result of multiple solutions of N0, μ, and Λ. In Figs. B1a and B1b, constant lines of 1030	
reff and Z/kext are drawn in a μ-Λ domain, respectively. The m-D and A-D relationships 1031	
are computed using Brown and Francis (case (3) of Table 1). Note that the lidar and 1032	
radar measurements provide a value of Z/kext, and solutions of μ and Λ exist along the 1033	
constant line of Z/kext. If the contour lines of reff and Z/kext in Fig. B1 overlay in the μ-Λ 1034	
domain, we get a single solution of reff for the given Z/kext. The slopes and intercepts of 1035	
the constant lines of reff and Z/kext in Fig. B1 can be derived as follows. First, Eq. (20) can 1036	
be rewritten as  1037	
  Λ௕ିఋ ൌ ൬ ଵ௥೐೑೑
ଷ௔
ସఘ೔ఊ൰
୻ሺ௕ାఓାଵሻ
୻ሺఋାఓାଵሻ .     (B1) 1038	
Using Eq. (24), Eq. (B1) can be approximated as  1039	
  Λ ൌ ൬ ଵ௥೐೑೑
ଷ௔
ସఘ೔ఊ൰
భ
್షഃ ቀߤ ൅ ௕ାఋାଵଶ ቁ .    (B2) 1040	
Equation (B2) is represented as Λ = A0 (μ – A1) where 1041	
  ܣ଴ ൌ ൬ ଵ௥೐೑೑
ଷ௔
ସఘ೔ఊ൰
భ
್షഃ
  and     (B3) 1042	
  ܣଵ ൌ െ ௕ାఋାଵଶ   .      (B4)  1043	
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Therefore, a constant line of reff has A0 as a slope, and A1 as a μ-intercept in the μ-Λ 1044	
domain (Fig. B1a). In the same way, Eq. (21) can be rewritten as  1045	
  Λ ൌ ቀ௞೐ೣ೟௓
ଵ଼௙ಾ೔೐௔మ
గమఘ೔మఊ ቁ
భ
మ್షഃ ቀ୻ሺଶ௕ାఓାଵሻ୻ሺఋାఓାଵሻ ቁ
భ
మ್షഃ .   (B5) 1046	
Using Eq. (24), Eq. (B5) is approximated as 1047	
  Λ ൌ ቀ௞೐ೣ೟௓
ଵ଼௙ಾ೔೐௔మ
గమఘ೔మఊ ቁ
భ
మ್షഃ ቀߤ ൅ ሺଶ௕ାఋାଵሻଶ ቁ  .   (B6) 1048	
Equation (B6) can be represented as Λ = B0 (μ – B1) where  1049	
  ܤ଴ ൌ ቀ௞೐ೣ೟௓
ଵ଼௙ಾ೔೐௔మ
గమఘ೔మఊ ቁ
భ
మ್షഃ  and     (B7) 1050	
  ܤଵ ൌ െ ሺଶ௕ାఋାଵሻଶ  .      (B8) 1051	
Above indicates that a constant line of Z/kext has B0 as a slope, and B1 as a μ-offset in 1052	
the μ-Λ domain (Fig. B1b). Note that |A1| ≤ |B1| by comparing between Eqs. (B4) and 1053	
(B8). Therefore, a constant line of Z/kext has a larger μ-offset than reff in the μ-Λ domain, 1054	
as also shown in Fig. B1. In addition, by rearranging Eq. (25),  1055	
  ቀ௞೐ೣ೟௓
ଵ଼௙ಾ೔೐
గమఘ೔మ
௔మ
ఊ ቁ
భ
మ್షഃ ൌ ൬ ଷ௔ସఘ೔ఊ
ଵ
௥೐೑೑൰
భ
್షഃ ቀ ଶఓା௕ାఋାଵଶఓାଶ௕ାఋାଵቁ
భ
್షഃ .  (B9) 1056	
Combining Eqs. (B3), (B7), and (B9), we get 1057	
  ܤ଴ ൌ ܣ଴ ቀ ଶఓା௕ାఋାଵଶఓାଶ௕ାఋାଵቁ
భ
್షഃ .     (B10) 1058	
For b ≠ 0 and b ≠ δ, ቀ ଶఓା௕ାఋାଵଶఓାଶ௕ାఋାଵቁ
భ
್షഃ ൏ 1, and thus A0 > B0 in Eq. (B10). Therefore, a 1059	
slope of the constant line of reff is larger than that of Z/kext, which is also found in Fig. B1. 1060	
If b = δ, reff = 3a/(4 ρi γ) from Eq. (23). In this case, reff is constant regardless of the 1061	
choice of μ and Λ, which is the same condition for Eq. (32) = (ln reff)/μ = 0 or Eq. (48) 1062	
= (ln reff)/ω = 0. For b = 0, A1 = B1 from Eqs. (B4) and (B8). Also A0 = B0 from Eq. 1063	
(B10). This means that reff and Z/kext have the same slope and offset, and reff has a single 1064	
solution for the given Z/kext, regardless of the choice of μ and Λ. This is also consistent 1065	
with Eq. (32) = 0 or Eq. (48) = 0. However, the ideal case of b = 0 or b = δ would not 1066	
practically happen, because mass increases with the maximum dimension (b > 0), and 1067	
also mass increases faster than projected area with the maximum dimension (b > δ). 1068	
1069	
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Table 1. Coefficients (a, b, γ, and δ) of m-D and A-D relationships derived in earlier 1070	
studies. All variables are in cgs units; D in cm, m(D) in gram, and A(D) in cm2. Small D 1071	
for Brown Francis corresponds to D < 97 × 10-4 cm for m(D), and D < 128 × 10-4 cm for 1072	
A(D). Large D for Brown and Francis corresponds to D ≥ 97 × 10-4 cm for m(D), and D ≥ 1073	
128 × 10-4 cm for A(D).  1074	
 Ice habit/shape 
݉ሺܦሻ ൌ ܽܦ௕ ܣሺܦሻ ൌ ߛܦఋ Case 
Number a (g cm-b) b (unitless) γ (g cm2-δ) δ (unitless) 
Brown and Francis 
[1995] and Francis 
et al. [1998] 
Small D 0.480140 3.00000 0.785398 2.00000 (1) 
Large D 0.002938 1.90000 0.026240 1.26667 (2) 
All D 0.145666 2.80290 0.650146 1.96859 (3) 
Heymsfield et al. 
[2013] 
T = −30°C 0.005484 2.14800 0.116804 1.61407 (4) 
T = −45°C 0.004513 2.06700 0.106844 1.60273 (5) 
T = −60°C 0.003713 1.98600 0.125475 1.64494 (6) 
Yang et al. [2000] 
Plate 0.008210 2.44908 0.159987 1.77561 (7) 
Solid Column 0.086534 2.77712 0.313698 1.86699 (8) 
Bullet-6 0.004834 2.50649 0.076765 1.71809 (9) 
Mixture 0.497345 3.29561 0.847120 2.14675 (10) 
Sphere 0.480140 3.00000 0.785398 2.00000 (11) 
 1075	
1076	
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 1077	
 1078	
Figure 1. Mass [m(D)] and projected area [A(D)] as a function of diameter (maximum 1079	
linear dimension, D). Different lines represent nine sets of a, b, γ, and δ provided by cases 1080	
(3)–(11) of Table 1. 1081	
 1082	
 1083	
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 1084	
 1085	
 1086	
Figure 2. Relationships between m(D)2/A(D) and m(D)/A(D). The radar-reflectivity-to-1087	
extinction-ratio with a particle size D is proportional to m(D)2/A(D), while the effective 1088	
radius is proportional to m(D)/A(D). Therefore, the relationship between m(D)2/A(D) and 1089	
m(D)/A(D) approximately equals to the relationship between radar-reflectivity-to-1090	
extinction-ratio and effective radius for a particle size D. Different lines represent nine 1091	
sets of a, b, γ, and δ provided by cases (3)–(11) of Table 1. 1092	
1093	
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 1094	
Figure 3. An example of Z/kext from CloudSat CPR and CALIPSO CALIOP 1095	
measurements on 3 March 2011 20 UTC. (a) Gas-atteunation-corrected radar reflectivity 1096	
(ZdB) (dB) from CloudSat 2B-GEOPROF product. Equivalent radar reflectivity (Ze) in 1097	
Eq. (8) is related to ZdB as ZdB = 10 log Ze. (b) Cloud extinction coefficient kext (km-1) 1098	
from CALIPSO CPRO product. (c) Distribution of log(Z/kext) for ice clouds, where the 1099	
ice clouds are defined for kext > 0.01 km-1 and air temperature < 253 K. Z in (c) is 1100	
estimated from Ze using Eq. (9). (d) Scatter plot between ZdB and log(Z/kext) for ice 1101	
clouds. (e) Histogram of Z/kext for ice clouds.  1102	
1103	
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 1104	
Figure 4. Retrieved reff as a function of four parameters (a, b, γ, and δ) expressing m-D 1105	
and A-D relationships (Eqs. (1) and (2)). Reference values of a, b, γ, and δ are set using 1106	
Brown and Francis for all D (case (3) of Table 1). In each panel, two of four parameters 1107	
(a, b, γ, and δ) are perturbed by 10%. All panels use a gamma particle size distribution 1108	
(PSD) with the dispersion factor (μ) of −1. Z/kext is set as 10-10 (black lines) and 10-6 cm4 1109	
(red lines). fMie is fixed as 1 for this figure but note that fMie = 0.9 derives 1.5–3% larger 1110	
reff than those with fMie = 1. 1111	
1112	
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 1113	
Figure 5. Retrieved reff as a function of Z/kext for nine sets of a, b, γ, and δ provided in 1114	
cases (3)–(11) in Table 1. A gamma particle size distribution (PSD) is used with 1115	
assuming dispersion parameter (μ) as −1. fMie is fixed as 1 for this figure but note that fMie 1116	
= 0.9 derives 1.5–3% larger reff than those with fMie = 1. 1117	
1118	
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 1119	
 1120	
Figure 6. Ratio of reff derived with μ = μ0+2 to reff derived with μ = μ0, i.e. 1121	
reff(μ0+2)/reff(μ0). Different lines represent nine sets of a, b, γ, and δ provided by cases 1122	
(3)–(11) of Table 1. Z/kext is fixed as 10-7 cm4. Note that fMie does not change 1123	
reff(μ0+2)/reff(μ0), and thus is fixed as 1.  1124	
1125	
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 1126	
Figure 7. A priori ω (red solid line) and retrieved ω (frequency in color and average in 1127	
black line) as a function of temperature from CloudSat 2B-CWC RO R04_E04 products. 1128	
One track of CloudSat 2B-CWC RO data observed on 2 October 2008 19:00 UTC is 1129	
used. 1130	
1131	
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 1132	
Figure 8. Ratio of reff derived with ω = ω0+1 to reff derived with ω = ω0, i.e. reff(ω0 + 1133	
0.1)/reff(ω0). Different lines represent nine sets of a, b, γ, and δ provided in cases (3)–(11) 1134	
of Table 1. Z/kext is fixed as 10-7 cm4. Note that fMie does not change reff(ω0 + 0.1)/reff(ω0), 1135	
and thus is fixed as 1. 1136	
1137	
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 1138	
 1139	
Figure 9. Relationships between reff,1 and reff,2. reff,1 is the effective radius retrieved with a, 1140	
b, γ, and δ of Brown and Francis for all D (case (3) of Table 1), and reff,2 is the effective 1141	
radius retrieved from other sets of a, b, γ, and δ in cases (4)–(11) of Table 1. Both reff,1 1142	
and reff,2 are retrieved using the same gamma particle size distribution (PSD). Two values 1143	
of μ are considered at T = −75°C (solid line) and −5°C (dashed line) using Eq. (31). It is 1144	
assumed that two algorithms use the same Mie correction factor (fMie,1 = fMie,2). Grey solid 1145	
line indicates the one-to-one line. 1146	
1147	
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 1148	
 1149	
 1150	
Figure 10. The ratio of reff,Gam to reff,LN, where reff,Gam is an effective radius retrieved from 1151	
a gamma PSD and reff,LN is an effective radius retrieved from a lognormal PSD. The ratio 1152	
is provided as a function of dispersion () of the gamma particle size distribution (PSD) 1153	
and width parameter () of the lognormal PSD. Both reff,Gam and reff,LN use the same a, b, 1154	
γ, and δ from Brown and Francis for all D (case (3) of Table 1). It is assumed that two 1155	
algorithms use the same Mie correction factor (fMie,Gam = fMie,LN). 1156	
1157	
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 1158	
 1159	
Figure 11. Same as Fig. 9 except that reff,2 uses a lognormal particle size distribution 1160	
(PSD) instead of a gamma PSD. μ of the gamma PSD is computed with Eq. (31), and ω 1161	
of the lognormal PSD is computed with Eq. (47) for temperatures at −75°C (solid lines) 1162	
and −5°C (dashed lines). It is assumed that two algorithms use the same Mie correction 1163	
factor (fMie,1 = fMie,2). 1164	
1165	
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Table A1. A magnitude of each term of Eq. (A10) with the minimum of (μ + δ + 1) as (δ 1166	
– 1). 1167	
 1168	
 1169	
1170	
Source of a, b, , and δ (1)  (μmin+δ+1) 
(2) 
f0 
(3) 
f1/(μmin+δ+1) 
(4) 
f2/(μmin+δ+1)2 
(5) 
f3/(μmin+δ+1)3 
{(1)+(2)} ÷ 
{total sum of 
Eq. (A10)   
× 100% 
Brown and 
Francis 
(1995) and 
Francis et al. 
(1998) 
All D 0.96859 –0.08285   0.01307 0.00118 –0.00153 98.6% 
Heymsfield 
et al. (2013) 
 
T = −30°C 0.61407 –0.23304   0.04851 0.01841 –0.01086 87.8% 
T = −45°C 0.60273 –0.26787   0.05423 0.02410 –0.01056 84.4% 
T = −60°C 0.64494 –0.32947   0.05709 0.02917 –0.00540 81.6% 
Yang et al. 
(2000) 
 
Plate 0.77561 –0.16327   0.02936 0.00618 –0.00502 95.3% 
Solid 
Column 0.86699 –0.04494   0.00825 0.00043 –0.00118 99.1% 
Bullet-6 0.71808 –0.10580   0.02196 0.00324 –0.00465 96.6% 
Mixture 1.46750   0.07443 –0.01162 0.00075   0.00068 100.9% 
Sphere 1.00000  0.00000   0.00000 0.00000   0.00000 100.0% 
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Table A2. A magnitude of each term of Eq. (A20) with the minimum of (μ + δ + 1) as (δ 1171	
– 1). 1172	
 1173	
 1174	
1175	
Source of a, b, , and δ (1)  (μmin+δ+1) 
(2) 
f0 
(3) 
f1/(μmin+δ+1) 
(4) 
f2/(μmin+δ+1)2 
(5) 
f3/(μmin+δ+1)3 
{(1)+(2)} ÷ 
{total sum of 
(A20)}   
× 100% 
Brown and 
Francis 
(1995) and 
Francis et al. 
(1998) 
All D 0.96859 1.31860 –0.52608 0.71619 –1.29037 112.4% 
Heymsfield 
et al. (2013) 
T = −30°C 0.61407 0.84097 –0.42020 0.57546 –1.05045 116.1% 
T = −45°C 0.60273 0.76564 –0.37381 0.47484 –0.80166 115.6% 
T = −60°C 0.64494 0.66353 –0.28525 0.29347 –0.39736 113.3% 
Yang et al. 
(2000) 
Plate 0.77561 1.06130 –0.47007 0.64320 –1.17342 114.0% 
Solid 
Column 0.86699 1.34362 –0.60534 0.93713 –1.92279 114.1% 
Bullet-6 0.71809 1.14745 –0.57191 0.91387 –1.94153 115.9% 
Mixture 1.14675 1.72223 –0.68140 1.02335 –2.01143 112.2% 
Sphere 1.00000 1.50000 –0.62500 0.93750 –1.85156 113.1% 
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Figure A1. Errors of Rapprox relative to Rtrue as a function of the dispersion factor () of a 1178	
gamma particle size distribution (PSD). Rapprox is from Eq. (A23) and Rtrue is from Eq. 1179	
(A22). Different lines represent different sets of a, b, γ, and δ listed in Table 1 (cases (3)–1180	
(11)).  1181	
 1182	
1183	
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 1184	
Figure B1.  The contour of constant values of (a) reff and (b) Z/kext in a μ-Λ domain. μ is a 1185	
dispersion and Λ is a slope factor in a gamma particle size distribution (PSD) (Eq. 14). 1186	
Equations (20) and (21) are used to compute reff and Z/kext, respectively. The particle 1187	
shape of Brown and Francis for all D (case (3) of Table 1) is used for a, b, γ, and δ. 1188	
 1189	
 1190	
